In this paper, we extend Kim (2013) [9] for the optimal foreign exchange (FX) risk hedging solution to the multiple FX rates and suggest its application method. First, the generalized optimal hedging method of selling/buying of multiple foreign currencies is introduced. Second, the cost of handling forward contracts is included. Third, as a criterion of hedging performance evaluation, there is consideration of the Leontief utility function, which represents the risk averseness of a hedger. Fourth, specific steps are introduced about what is needed to proceed with hedging. There is a computation of the weighting ratios of the optimal combinations of three conventional hedging vehicles, i.e., call/put currency options, forward contracts, and leaving the position open. The closed form solution of mathematical optimization may achieve a lower level of foreign exchange risk for a specified level of expected return. Furthermore, there is also a suggestion provided about a procedure that may be conducted in the business fields by means of Excel.
gate the effects of foreign exchange exposures on the performance of Taiwan hospitality industry and try to propose some hedging strategies and strengthen their corporate risk management.
In this paper, we extend Kim (2013) [9] for the optimal single FX risk hedging solution and theory to the multiple FX rates and suggest its application method in the business fields. First, the generalized optimal hedging method of selling/buying of multiple foreign currencies is introduced. Second, the cost of handling forward contracts is included. Third, as a criterion of hedging performance evaluation, we consider the Leontief utility (or profit for a firm) function, which represents the risk averseness of a hedger. Fourth, steps are introduced about what is needed to proceed with hedging. There is a computation of the weighting ratios of the optimal combinations of three conventional hedging vehicles, i.e., call/put currency options, forward contracts, and leaving the position open. As in the standard portfolio theory, the closed form solution of mathematical optimization may achieve a lower level of foreign exchange risk for a specified level of expected return. There is also a suggestion provided for a procedure that may be conducted in the business fields by means of Excel. 4 The rest of this paper is as follows. Section 2 derives the expected return and return variance of the hedging vehicles. Section 3 analyzes the optimal hedging selection. Section 4 is on application of developed method, and Section 5 is the conclusion.
Expectation and Variance of Hedging Tools' Returns
In this section, we construct an efficient hedging frontier composed of the expected value and variance of each hedging vehicle's return for the multiple foreign exchanges. So, it is exactly matched with the portfolio possibilities curve in modern portfolio theory. Note an optimal combination of hedging vehicles is one that maximizes the expected return given a desired level of risk. For this objective, there is a need to compute the mean and variance of each tool.
Before proceeding, we assume that a foreign investor needs to buy or sell m-different currencies ( ) 
FX Selling Case
First, we derive the expected return R n and its variance It is a non-hedging and to buy the foreign currency at time T. 6 The value of the put option was derived by Garman and Kohlhagen (1983) [5] . 7 See Diebold and Nason (1990) [3] 
where ( ) 
In the above Theorem 2.4, it was suggested that a form of 
, which requires an additional burden.
Next, there is a derivation of the covariance among the three hedging tools.
Note the covariance of returns between non-hedging (or option) and forward is obviously zero since the forward return is not random. Then the covariance of returns between put option and non-hedging is given as follows.
Theorem 2.5. Suppose Assumption 2.1 holds. Then the covariance of returns between put option and non-hedging is: 
FX Buying Case
The covariance of returns between call option and the non-hedging is given as follows.
Theorem 2.8. Suppose Assumption 2.1 holds. Then the covariance of returns between put option and non-hedging is:
Efficient Hedging Frontier Construction
Based upon above derivation of expected return (R) and return variance (V Then, from the above derivation in Section 2, its expected return is defined as follows.
Buying the foreign exchange means outflow of domestic currency. So, a negative of the forward amount is taken. 10 In case of call option, p R , 
Therefore note ( )
In this case, the return of forward has zero variance with the expected return, say, f R . Thus, it is regarded as a riskless asset in the standard portfolio theory.
Now the hedging allocation line (a line of R and V) 11 connecting the riskless forward contract and a combination of non-hedging and put option is defined as follows.
where R denotes the return and V denotes the standard deviation of return (as a risk);
is a constant slope for a given w where
Then the efficient hedging allocation line 12 is given by solving following problem:
that is maximizing the slope of Equation (3.2) with the argument w. The problem (3.3) may be solved without restriction, according to Elton, et al. ([4] : pp.
100-103), as follows. Finally, the efficient hedging frontier is given by:
For the given efficient frontier in (3.5), the optimal hedging (cf., separation theorem) is conducted as follows. First, the hedging ratio between non-hedging and option are set as ( ) Figure 2 ). Then a utility of ( )
Optimal Hedging under Leontief Utility Function

,
V R has the same utility with ( )
while the utility of ( )
the North-West direction indicates the increase of utility in a space of (V, R).
Later, the above Equation (4.1) will be called a utility maximizing locus (UML). The UML might be interpreted as that which denotes how V is transformed into R with the same utility. It also denotes a cost of the standard deviation (volatility) for a hedging portfolio. See Figure 2 where the cost for the volatility 0 V is evaluated as 0 0 R V α β = + in terms of return. Note, the above Leontief utility function and conformable UML represent an extreme risk averseness. It is related to the marginal rate of substitution of the volatility to a return at the utility maximizing point along UML, which is +∞ , i.e., the marginal increase of V requires an infinite return increase (as compensation for augmented risk) for the same utility, whereas, a marginal decrease of V does Theoretical Economics Letters not require any return to be at the same utility level. This assumption is not so unrealistic because this model is not designed for the speculator but for the hedger/firms in the real world of business who are concerned with the volatility of fund flow. Now to estimate α and β by an ordinary least square regression, we rewrite Equation (4.1) as: 
In Theorem 4.1, we may have two different solutions that need to be selected to maximize the utility. So, we need to select one R among them maximizing the utility and define a conformable optimal expected return as It is when the marginal cost of V is small and thus a riskless forward contract is not chosen.
15
Remind that any forward is not used in this case. 
Application Procedures
In application, suppose, at time 0, an investor hopes to sell one unit of foreign exchange at a future time T. Then following steps need to be carried out for hedging.
1) Select three vehicles of hedging as: forward contracts, leaving the position
open (Selling foreign exchange case) and European currency put option.
2) Compute mean, variance, and covariance of each tool using the formula in Section 2.
3) Compute a weighting coefficient .4). Consequently, we summarize the optimal weighting vectors of forward, option, and non-hedging for optimal hedging, as shown in Table 1 .
Then we apply the developed method for the exchange rate of the euro against the US dollar. The data frequency and period are presented on a monthly basis from January 1999 to March 2015. All data have been taken from FRED of FRB St. Louis. 
Conclusions
This paper introduced the optimal foreign exchange risk hedging solution by exploiting a standard portfolio theory, thus extending Kim (2013) [8] in its following features. First, the case of the selling/buying of multiple foreign currencies is also considered. Second, the cost of handling forward contracts is in- The structure may be extended to cover the futures and American options and it will be a future research topic for us. However, I hypothesize that a similar logic may be readily applied to these extensions applying developed method in this paper. Furthermore, a development of a convenient computer program for FX risk hedging users, based on above results, would be a useful project.
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Proof of Theorem 2.3: Note the expected return for forward is the value of following: 
Thus its return is given as following: It is negative for buying of foreign currency (also for the forward contract) because it means the outflow of domestic currency. 
for the third equality (5) 
where
(b) The return's variance of (4) is defined as: 
Note the second term of right hand side in (8) is derived from (5) directly.
Then the first term of right hand side in (8) is arranged as: 
because, for the second term in last equation in (9), we may show that Pr Pr
solving following equation for ( )
for the final equality of (11) . Further note ( ) 
from (12) for the third equality, from (14) for the fourth equality and from (16) for the final equality.
Consequently we get, 
 is constant conditional on Ω for the second equality and the fourth equality holds from ( ) 0
Now the claimed result is derived since 
